Abstract -We present a hybrid description of complex molecules in which one of the molecules is described in full atomistic detail, while the rest of molecules is represented at a coarse-grained level with their centers-of-mass variables. Based on Zwanzig's projection method, we derive the equations of motion for the coupled detailed/coarse-grained system, which turn out to be of the form of Dissipative Particle Dynamics. [2, 18, 19] , and solids [20] [21] [22] , have been considered. The most common strategy in devising CG models is through the consideration of effective CG potentials between the CoM of clusters of atoms. There exists several systematic and rigorous ways to obtain CG potentials from MD [23, 24] . While static properties of the CoM can be exactly reproduced by the CG potential, dynamic properties are not always captured and ad hoc time rescaling has been a usual remedy to get agreement between CG and AA descriptions [25, 26] . This shortcoming of CG potentials are attributed to friction and stochastic forces that arise from the elimination of degrees of freedom in addition to CG potentials [12] . Friction forces emerge naturally from a projection operator description of coarse graining [27] [28] [29] . A very
Introduction. -Complex fluids, soft matter and biological systems are characterized by the presence of disparate time scales in its dynamics. Although all-atom (AA) simulations have proved very useful [1] , their capabilities are limited to small samples and short times. For this reason, there has been in recent times a substantial effort towards the implementation of simulation techniques based on the idea of coarse-grained (CG) representations of the atomic systems [2] [3] [4] [5] , for a recent review of the state of the art [6] and references herein. Typically, a molecular system is coarse-grained by considering the center of mass (CoM) of groups of atoms. In this way, polymers [7] [8] [9] [10] [11] [12] , membrane-forming lipids [13, 14] , molecules [15] , proteins [16] , peptides [17] , non-bonded interactions [2, 18, 19] , and solids [20] [21] [22] , have been considered. The most common strategy in devising CG models is through the consideration of effective CG potentials between the CoM of clusters of atoms. There exists several systematic and rigorous ways to obtain CG potentials from MD [23, 24] . While static properties of the CoM can be exactly reproduced by the CG potential, dynamic properties are not always captured and ad hoc time rescaling has been a usual remedy to get agreement between CG and AA descriptions [25, 26] . This shortcoming of CG potentials are attributed to friction and stochastic forces that arise from the elimination of degrees of freedom in addition to CG potentials [12] . Friction forces emerge naturally from a projection operator description of coarse graining [27] [28] [29] . A very (a) E-mail: pep@fisfun.uned.es popular [30] [31] [32] [33] [34] [35] [36] [37] [38] way to introduce friction in CG dynamics is through the DPD model [39, 40] . However, how to compute the friction coefficients from the microscopic dynamics is an issue that has received attention only very recently [12, 28, 34, 38] and a usual strategy is to fit the long time dynamics in DPD [41] .
A very appealing idea has been put forward by Kremer and co-workers [42] under the name of adaptive resolution (AdResS). The idea is to use coarse-grained versions of a molecular system whose degree of coarse graining depends on their spatial location. In regions where atomic detail is required (near to reacting surfaces [43] , for example) the full-atomic description is used, while in other non-interesting regions a coarser model is used, with the corresponding gain in computational time. The changing of the level of description "on the fly" is a very delicate issue and it is necessary to understand first how coarse-grained and fully atomistic systems may couple together.
In this paper we consider a hybrid description of a system composed of complex molecules. All the molecules are described at a coarse-grained level with their centers of mass, except one molecule which retains all its atomic detail. Implicit in the process of describing the full molecule with just its CoM there is the assumption that the complex molecules should be isotropic to a high degree. While a rigorous projection from atomic to CoM variables is well established [12] , the coupling of detailed atomic structures with coarse-grained descriptions still lacks of a solid statistical mechanics basis. In order to provide this basis, we use Zwanzig's projector [12, 44, 45] for the 40008-p1 formulation of the coupled dynamics between fully atomic molecules and coarse-grained molecules. Zwanzig's projector [44] , as opposed to Mori's [46] , leads to a sufficiently general theory of non-equilibrium statistical mechanics, with non-linear evolution equations not restricted to nearequilibrium situations [45] .
Zwanzig theory of coarse graining. -The Hamiltonian dynamics of the system can be expressed concisely as ∂ t z t = Lz t , where z t is the microstate of the system at time t, given the initial condition z, and L is the Liouville operator. The macroscopic (collective, relevant) state of the system is represented by a set of phase functions A(z). Zwanzig's procedure allows one to obtain a closed dynamic equation for the functions α = A(z t ) in phase space. To this end Zwanzig introduced two projector operators P, Q = 1 − P of the form P F (z) = F A(z) , where the constrained average is
where ρ eq (z) is the equilibrium ensemble that depends only on the Hamiltonian H(z) of the microscopic dynamics while ρ α (z) is the so called constrained ensemble. Ω(α) is the measure of the submanifold A(z) = α. The entropy (at the level of description of α) is the logarithm of "the number of microstates compatible with the macrostate α", i.e. S(α) = k B ln Ω(α). The evolution equation for the phase functions α is [12, 45, 47, 48] 
where the friction matrix is expressed by its Green-Kubo form
and it is a symmetric and positive-definite matrix. The projected current, also called the random force, is
where R is a dynamic operator similar to L but that leaves the variables A(z) invariant [12] . If one approximates R ≈ L, then the upper limit of the integral in (3) should be a time τ larger than the decay of the random forces, but shorter than the timescale of the dynamics of A(z).
The only approximation used to derive eq. (2) is that the correlation time of R 0Rt α is much smaller than the time scale of variation of A(z t ). This approximation is known as the Markovian approximation.
Hybrid description of molecules. -We now use the above framework to study the coupling between a detailed molecule immersed in a sea of coarse-grained molecules. Consider a fluid made of M + 1 big molecules. For the sake of simplicity, each molecule is identical and composed of N m atoms or monomers of mass m iµ whose positions and momenta are r iµ , p iµ where the index i µ runs from 1, · · ·, N m , while the index µ runs from 0, 1, · · ·, M. Latin indices label atoms while Greek indices label molecules. The microscopic state is z = {r iµ , p iµ }. We are interested in finding the equations of motion of the atoms of molecule µ = 0, which will be called the AA molecule, coupled with the equation of motion of the CoM of the molecules µ = 1, · · ·, M, which will be called CG molecules. We will use Zwanzig's approach as given in eq. (2) for obtaining these equations. The set of relevant variables A(z) is given by
where + φ where φ is the total potential energy, which we write as the sum of three contributions φ = φ 0 + φ 0,mol + φ mol . The contribution φ 0 contains the interaction potential between the atoms of the detailed molecule and it is a function of the atomic coordinates of molecule µ = 0 alone. The contribution φ 0,mol contains the non-bonded interaction between the atoms of molecule 0 and the atoms of the rest of molecules. Finally, φ mol is the remaining potential energy that describes the interaction between the molecules µ = 1, · · ·, M and it does not depend on the coordinates of the atoms of detailed molecule.
For the selected variables (5) the entropy defined after eq. (1) has now the form 
where the coarse-grained potential is defined by
The coarse-grained potential depends on the positions {r} of the atoms of the molecule µ = 0 and the positions {R} of the CoM of the rest of molecules. The coarse-grained potential satisfies
Here, F 0, mol i0 is the force on atom i 0 due to the atoms of the coarse-grained molecules while F µ is the total force on molecule µ = 1, · · ·, M. The constrained average · · · α is over all those configurations compatible with the specific values {r} of the positions of the atoms of the detailed molecule and {R} of the CoM of the coarsegrained molecules. Equations (9) allow one to interpret the effective potential as producing the averaged effective forces between the atoms of the detailed molecule and the CoM of the coarse-grained molecules due to the eliminated degrees of freedom. The coarse-grained potential has been recently considered by Voth and co-workers in a rigorous setting [24, 49] . In the present setting it emerges in a natural way from Zwanzig's formulation [44] .
In order to write eq. (2) for this set of variables, we first need to compute LA(z), this is
Because the time derivative of the position variables are proportional to the momentum variables, its constrained averages are simply Lr i0 α = pi 0 mi 0 and LR µ α =
Pµ
Mµ and, therefore, the projected forces corresponding to these variables vanish, i.e. QLr i0 = 0 and QLR µ = 0. On the other hand, the constrained averages of the forces are
({r, R}),
and the corresponding projected forces (at t = 0) are
Note that the projected force on the atom i 0 of the detailed molecule does not include the direct interaction between the atoms of the detailed molecule, which is eliminated under the projection. We introduce the projected forces R t in eq. (4) for the present case, which arẽ
By noticing that the only non-zero elements of the friction matrix involve the correlations of the stochastic forces (13) , and that the only derivatives of the entropy required are
∂S ∂Pν = V ν , we can now write the equations of motion by particularizing eq. (2) to the present case. They are
where the friction matrix has the following components:
α .
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We have assumed, for simplicity, that the friction matrix is independent of the velocities (which in principle appear in the constrained average specified by α). This allows one to neglect the terms proportional to k B in eq. (2). Momentum conservation L( j0 p j0 + ν P µ ) = 0 together with eqs. (13) implies j0F j0 = − νF ν . As a consequence j0 γ i0j0 = − ν γ i0ν and j0 γ µj0 = − ν γ µν . Therefore, we may equally write the momentum equations in (14) in an explicit Galilean invariant form:
These equations have the structure of the Dissipative Particle Dynamics equations [50] . This is, the atom i 0 of the detailed molecule experiences direct conservative forces − due to both, the indirect influence of the atoms of the detailed molecule mediated by the eliminated degrees of freedom and the effect of the atoms of the coarse-grained molecules. On top of those purely reversible forces the atom i 0 of the detailed molecule experiences friction forces that depend on the relative velocities of the atom with respect to the rest of atoms within the detailed molecule and with respect to the velocities of the CoM of the surrounding coarse-grained molecules. In a similar way, a coarse-grained molecule feels the presence of the rest of molecules, including the detailed one, through the forces that emerge from the effective potential, plus friction forces with the atoms of the detailed molecule, plus friction forces with the rest of coarse-grained molecules.
While the structure of the obtained equations is very appealing, one should wonder about the physical meaning of such a description. As we have started from Zwanzig's rigorous projection, there is only one point where the above picture could fail down, which is the Markovian approximation. This is the only essential assumption that has been taken in writing eq. (2) . Therefore, we should consider the time scales involved in a hybrid model like the one discussed here. In general, we expect that the correlation time of the projected forces in eqs. (13) is essentially the same as the correlation time of the actual forces. The force F i0 on an atom decays roughly in a collision time, and the same occurs for the force F µ on a molecule, which is due to atomic collisions. If the molecules are very large, its mass M µ will be large and the velocity of the molecules will evolve in a time scale well separated from the force correlation time [12] . However, the velocity of an atom i 0 of the AA molecule will not, in general, evolve in a time scale well separated from the force correlation time and, therefore, the above set of dynamical equations should give only approximate results.
One of the features of Zwanzig's theory is that the coarse-grained potential and friction coefficients depend in general on the whole set of variables selected to describe the system. This implies that if computer simulations are to be used to obtain the effective potentials and the friction coefficients it is necessary to sample a highly multidimensional space (in the present case 6N m × 6M dimensional) which is absolutely impractical. The usual strategy is to introduce pair-wise additivity to reduce the problem to the finding of functions of one variable, the pair potential, where systematic procedures can be used [24, 51, 52] . However, the calculation of friction coefficients, which substantially modify the time scales of the coarse-grained simulation, has received comparatively much less attention [28, 30, 34] . We believe that more work must be done in order to find efficient and systematic procedures to extract the functional forms of the effective potential and frictions in CG descriptions. On the other hand, the present framework gives the theoretical basis for a modelling approach in which reasonable models for these quantities can be proposed on the basis of atomic scales, coarse graining number, etc. and its predictive value is assessed a posteriori.
The computational gain in a CG procedure is always related to the number of eliminated degrees of freedom. For example, in the case of star polymers considered in ref. [12] , a molecule with 72 atoms is described with just its CoM, which leads to a factor of almost two orders of magnitude in computational gain. In addition to that, the effective potentials are usually smoother than the atomistic potentials, allowing for larger time steps, also reflecting the fact that the time scales of the CoM is much larger than the atomistic time scales.
In summary, we have presented a hybrid scheme for the description of complex molecular systems in which all the molecules in the system, except one, are described with their center of mass variables. The remaining molecule is described in full atomistic detail. The resulting dynamic equations have the form of the Dissipative Particle Dynamics model, with effective potentials and frictions that couple the motion of the AA molecule with the CG molecules. These effective potential and frictions are expressed in microscopic terms. The present framework, which has been presented here for a CG description based on the CoM of the molecules, can be immediately generalized to the case where parts of a molecule are described with their center of mass, in a CG manner, while other parts are described in full classical atomistic detail. The structure of the equations will be the same, with effective potentials and momentum conserving frictions of the DPD type. In that respect, Zwanzig's theory is an extremely helpful tool to obtain the structure of the equations, by identifying the role of effective potentials and of friction forces in the coupling between the detailed and coarsegrained molecules. How to change the degree of atomic detail of the AA molecule depending on its spatial location is a next exciting challenge [42] .
